In this article we introduce a new geometric object called hyperbolic Pascal simplex. This new object is presented by the regular hypercube mosaic in the 4-dimensional hyperbolic space. The definition of the hyperbolic Pascal simplex, whose hyperfaces are hyperbolic Pascal pyramids and faces are hyperbolic Pascals triangles, is a natural generalization of the definition of the hyperbolic Pascal triangle and pyramid. We describe the growing of the hyperbolic Pascal simplex considering the numbers and the values of the elements. Further figures illustrate the stepping from a level to the next one.
Introduction
There are several generalizations of Pascal's arithmetical triangle (see, for instance [2, 3, 14] ), there is among them the family of hyperbolic Pascal triangles. This new type is based on the hyperbolic regular mosaics denoted by Schläfli's symbol {p, q}, where (p − 2)(q − 2) > 4 (see [5] ). Each regular mosaic induces a so-called hyperbolic Pascal triangle (HPT ), it is detailed only for regular squared mosaics {4, q} in [2, 7, 8, 9, 10] . Obviously, the classical Pascal's triangle is connected to the Euclidean square mosaic {4, 4}.
The 3-dimensional analogue of Pascal's original triangle is the well-known Pascal's pyramid (or more precisely Pascal's tetrahedron). Its levels are triangles and the numbers along the three edges of the n th level are the numbers of the n th lines of Pascal's triangle. Each number inside in any levels is the sum of the three adjacent numbers on the level above [1, 4, 6] . In [11] a 3-dimensional variation, the hyperbolic Pascal (cube) pyramid (HPP ) is presented, which is based on the hyperbolic regular cube mosaic {4, 3, 5}. This object can also be considered as the a hyperbolic variation of the well-known (Euclidean) Pascal's pyramid which is built on the Euclidean regular cube mosaic {4, 3, 4}. In a special space, in H 2 ×R, there is an interesting generalization of HPP (see [13] ).
In the 4-dimensional space the natural generalization of the square and the cube is the 4-dimensional hypercube. Coxeter [5] showed that the hypercube generates regular mosaics not only in the Euclidean, but also in the hyperbolic 4-dimensional spaces. They are the mosaics {4, 3, 3, 4} and {4, 3, 3, 5}, respectively. The 4-dimensional Euclidean variation, Pascal's simplex can be based on the Euclidean hypercube mosaic {4, 3, 3, 4}.
In this article we present a 4-dimensional hyperbolic Pascal simplex (HPS ) built on the mosaic {4, 3, 3, 5}. The method of the discussion is similar to the discussion of the hyperbolic Pascal pyramid's ( [11] ) case and we apply some of its results. (We keep the usual notation and write the hyperbolic Pascal pyramid without an "apostrophe", similarly to the case of Pascal's classical triangle and the hyperbolic Pascal triangle.) We strictly follow the definitions and denotations of the hyperbolic Pascal triangle and pyramid in [2] and [11] (see also [13] ). We mention that in the 4-dimensional Euclidean and hyperbolic spaces there are 2 and 4 other regular mosaics with bounded cells and vertex figures, but we do not examine them in this article. We suppose, that their examinations can be similar due to the generalization of Pascal triangle.
Construction of the hyperbolic Pascal simplex
The 4-dimensional hyperbolic hypercube mosaic {4, 3, 3, 5} consists of hypercubes with Schläfli's symbol {4, 3, 3}. The vertex figures of the mosaic are 600-cells, {3, 3, 5}. The hypercube is well-known, but the 600-cell is not so much, thus we give some details of it. The cells of a 600-cell are tetrahedra ({3, 3}), the (2-dimensional) faces are triangles and the neighbouring vertices of a vertex of a 600-cell form an icosahedron ({3, 5}), so a vertex lies on 12 edges, 30 faces and 20 cells. Each edge is on 5 faces and 5 cells and each face connects 2 cells. The numbers of the vertices, edges, (2-dimensional) faces and cells of a 600-cell are 120, 720, 1200 and 600, respectively.
Considering an arbitrary vertex V of the mosaic, the number of hypercubes around V is 600, as many as the number of the cells of the 600-cell, and the number of the mosaic edges from V (degree of V ) is 120, as many as the number of the vertices of the 600-cell. There are 20 hypercubes around a mosaic edge as there are 20 faces of an icosahedron, so there are 20 tetrahedra around a vertex on the 600-cell. See some other details of the hyperbolic hypercube mosaic in [5, 12] .
Let us consider an arbitrary vertex of the mosaic, say vertex V 0 , as the base vertex of HPS. We sign it by 1 as well and let us sign all the vertices of the mosaic by the numbers of the shortest paths from the considered vertex to the base vertex along mosaic edges. The shortest paths imply a digraph directed from V 0 . We define a convex part P of the mosaic the following way. First we take a hypercube with vertex V 0 and we consider the vertex V 1 opposite of V 0 in the hypercube. It is the furthest vertex of the hypercube from V 0 and it has the largest sign among the vertices, namely 24. Second we take the new hypercubes of the mosaic containing vertex V 1 and their vertices which have the largest signs in each hypercubes. Now we take again the hypercubes around these vertices and their vertices with the largest signs, and so on. Continuing this algorithm limitless, the set of these hypercubes gives P. Finally, the vertices (labelled above) and the edges (directed above) of P form an infinite digraph similar to an infinite simplex with a finite base vertex V 0 . We name it hyperbolic Pascal simplex (HPS ). Obviously, the signs of the vertices are the sums of the signs of the incoming edges.
Let level 0 be the vertex V 0 . Level n consists of the vertices of HPS whose edge-distances from V 0 are n-edge (the distance of the shortest path along the edges of P is n). The shapes of the levels are tetrahedra. It is clear, the 3-dimensional and 2-dimensional faces on the outer boundaries are hyperbolic Pascal pyramids and hyperbolic Pascal triangles based on mosaics {4, 5, 4} and {4, 5}, respectively. The faces and edges of the n th level are the n th levels of HPP and n th lines of HPT , respectively. Figures 1, 2 and 3 show the growing from a level to the next one in case of some lower levels. As each hyperface of HPS is HPP, there are six types of vertices: 1, A, B (from the 2-dimensional faces, which are hyperbolic Pascal triangles -see [2] ) and C, D, E in the hyperfaces, corresponding to [11] . The properties of the growing come partly from the examination of HPT and HPP . We denote them, respectively, by grey, red, cyan, blue, green and yellow colours in the figures. The colours of the other different types of the vertices inside HPS are also different. (See the definitions later. The first vertex inside of the simplex appears in level 4. It is the biggest, the purple sphere -vertex type F -in the centre of Figure 3 .) The numbers without colouring refer to vertices in the lower level in every figure. The graphs, growing from a level to the new one, contain graph-cycles with six nodes. These graph-cycles figure the convex hulls of the parallel projections of the cubes from the mosaic, where the direction of the projection is not parallel to any edges of the cubes. Moreover, the rhombic-dodecahedra are the 3-dimensional shadows of the hypercubes. In the following we describe the method of growing of the hyperbolic Pascal simplex and we give the sum of the paths connecting vertex V 0 to level n.
Growing of the hyperbolic Pascal simplex
In the classical Pascal's simplex the number of the elements on level n is (n + 1)(n + 2)/2 and its growing from level n to level n + 1 is n + 2. In this section we give the growing from level to level in the case of the hyperbolic Pascal simplex.
The growing process on the outer 2-and 3-dimensional faces of HPS mostly comes from [11] . Figure 4 shows the growing of vertices types 1, A and B. For example, the centre figure illustrates that each vertex A has two incoming edges, which could be types 1, A or B, and five outgoing edges, precisely two A, one B and two C. The degrees of 1, A and B are 5, 7 and 7, respectively. Now we examine the vertices inside HPS . All these vertices have four, three, two or one incoming edges from the previous level. We denote them by types F , G, H and K, respectively. (In Figure 3 vertex F is coloured purple.) Some vertices F , G and H have one Figure 5 : Growing of the 3-dimensional faces in HPS incoming edge from vertices C, D and E, respectively, and all vertices types F connect only to inside vertices of HPS.
In the following we give the number of the outgoing edges of these vertices using the classification of the vertices of the vertex figures with a 4-dimensional generalized method applied in [11] . According to the previous section, the degrees of all these vertices are 120. Firstly, we consider a vertex type K in level i (i ≥ 5). In the mosaic, the neighbouring vertices to K i form a vertex figure, a 600-cell, whose all 120 vertices have mosaic edges joining to K i . Among them there is only one vertex in level i − 1, we denote it by W i−1 (see Figure 6 ). The other vertices are in level i + 1 and with the classification of them we can give the numbers of different types of vertices which imply the outgoing mosaic edges from K i . (The mosaic edge W i−1 K i is an incoming edge to K i .) If a vertex of a 600-cell has one common edge with W i−1 , then it has two incoming mosaic edges. (We mention that the edges of the vertex figure are not the edges of the mosaic.) In Figure 6 vertex H i+1 connects to W i−1 , so there is a W i mosaic vertex (not in the vertex figure) which has common mosaic edges not only with W i−1 but also with H i+1 . This way H i+1 has two incoming edges from W i and K i from level i, thus its type is H. All the vertices of the 600-cell which are adjacent to H i+1 form an icosahedron and the type of all its vertices are H (orange regular 9-gons in the figures). The type of the other 107 vertices of the 600-cell is K, as their incoming edges come from the considered vertex K i .
Secondly, we take a vertex type H in level i (i ≥ 5), let it be H i in Figure 7 . H i has two incoming edges from level i−1, so there are two vertices on the same edge of the vertex figure in level i − 1. We denote them by W i−1 again. (Generally, W denotes a vertex, whose type is not known or not important to know, while the index shows the level of the vertex.) Now we have to classify again the vertices of the vertex figure around the considered H i according to its neighbouring vertices W i−1 . As there are 5 vertices in a 600-cell which are connected Figure 6 : Growing method around vertex type K to both vertices by an edge, there are 5 vertices type G, they have 3 incoming edges from level i. (Recall, the mosaic edges and the icosahedron edges are different.) These 5 vertices are the intersections of the icosahedra connecting to the two W i−1 -s. In Figure 7 we drew the icosahedron connecting to the left vertex W i−1 and the vertices G i+1 are denoted by blue regular 8-gones. The other 2 · 6 vertices of the icosahedra are one-edge-long far from one of the W i−1 -s, so their types are H. The rest 101 vertices of the 600-cell are types K. On the right-hand side of the figure we highlighted the vertices W i−1 and G i+1 and their subgraph structure in the 600-cell. Figure 7 : Growing method around vertex type H Thirdly, we classify the vertices of the 600-cell in the case of a vertex G i (i ≥ 5). We mark a face of the 600-cell, its vertices are in level i − 1 and from them start the mosaic's incoming edges into G i . There are only two vertices type F , which are neighbouring to all the three W i−1 -s. Thus both F i+1 have 4 incoming mosaic edges and Figure 8 shows them with yellow regular 7-gones. For all the three edges of triangle W i−1 W i−1 W i−1 connect pentagons, so that the vertices are one-edge-long far from the endpoints of the edges. The type of their two common vertices are F , the other 3 · 2 vertices are G (see on the right-hand side in Figure 8 ). The other 3 · 4 vertices of the three icosahedra connecting to all W i−1 are H. The number of the rest vertices of the vertex figure is 97, their types are K.
Fourthly, we classify the vertices of the 600-cell in the case when the vertex is F i (i ≥ 4). Now a tetrahedron is in level i − 1 and from its vertices W i−1 start the incoming mosaic edges into the considered F i . For all four faces of tetrahedron W i−1 W i−1 W i−1 W i−1 connect a vertex F i+1 , so that they are joining to three W i−1 , so they have 4 incoming mosaic edges
Figure 8: Growing method around vertex type G from level i (see Figure 9) . That way along all the six edges of the tetrahedron there are 4 neighbouring vertices to the end of the edge. The rest, the fifth vertices are type G, the number of them is 6 · 1. (There are 6 edges of a tetrahedron.) The other 4 · 3 vertices of the four icosahedra connecting to vertices W i−1 are type H. The rest vertices of the 600-cell are type K, they are 94 altogether.
G i i+1 Figure 9 : Growing method around vertex type F Finally, in Figure 10 the growing method is presented in the case of the inner vertices of HPS as a summing-up of discussions and figures. For example, the first graph shows that each vertex F has four incoming edges, which could be types C, F or G, and 120 − 4 outgoing edges with 4 pieces F , 6 pieces of G, 12 pieces of H and 94 pieces of K. a i , b i , c i , d i , e i , f i , g i , h i , k i and v i , respectively. Summarising the details (i ≥ 4) and calculating the numbers of vertices in some lower levels (i < 4) in Table 1 , we proved the Theorem 1.
Theorem 1. The growing of the numbers of the different types of vertices in HPS is described by the system of linear homogeneous recurrence sequences (n ≥ 1)
e n+1 = 3c n + 4d n + 6e n ,
with zero and v 1 = 4 initial values.
Moreover, let s n be the number of all the vertices in level n, so that s 0 = 1 and Table 1 shows the numbers of the different type of vertices on levels up to 10.
Theorem 2. The sequences {a n }, . . ., {k n } and {s n } can be described by the same ninth order linear homogeneous recurrence sequence x n = 128x n−1 − 1795x n−2 + 8837x n−3 − 19239x n−4 + 19239x n−5 − 8837x n−6 + 1795x n−7 − 128x n−8 + x n−9 , (n ≥ 10), (3) the initial values are in Table 1 . The sequences {a n }, . . ., {e n } can also be described by
and sequences {a n }, {b n } satisfy the equation Proof. According to [11] , as 
is the coefficients matrix of (1) with rank(M) = 10, then the equation from minimal polynomial of matrix M equals to the characteristic equation of any sequence from (1) and s n . The minimal polynomial of M is
Thus the recurrences can be describe by (3) . (The calculation was made by the help of software Maple.)
L. Németh
As a n+1 , b n+1 , c n+1 , d n+1 , e n+1 and v n+1 are independent from f n , g n , h n and k n , they form a system of homogeneous recurrence equations again with matrix M 1 = Remark 2. The ratios of the numbers of the vertices from level to level tend to the largest eigenvalue of the matrix M (or largest solution of polynomial (7)). Thus, the growing ratio of HPS is α 1 ≈ 112.763, on the contrary it is 1 in the Euclidean case.
Sum of the values on levels in hyperbolic Pascal simplex
The sum of the values of the elements on level n in the classical Pascal's simplex is 4 n ( [4] ). In this section we determine it in case of the hyperbolic Pascal simplex.
Denote respectivelyâ n ,b n ,ĉ n ,d n ,ê n ,f n ,ĝ n ,ĥ n ,k n andv n , the sums of the values of vertices type A, B, C, D, E, F , G, H, K and 1 on level n, and letŝ n be the sum of all the values. From Figure 4 , 5 and 10 the results of Theorem 3 can be read directly. For example, all vertices type A, B and 1 on level i generate, respectively, two, two and three vertices type A on level i + 1 and it gives the first equation of (8) . Table 2 shows the sum of the values of the vertices on levels up to level 10. Theorem 3. If n ≥ 1, then a n+1 = 2â n + 2b n + 3v n , b n+1 =â n + 2b n , c n+1 = 2â n + 3ĉ n + 2d n , d n+1 = 2b n + 3ĉ n + 4d n + 5ê n , e n+1 = 3ĉ n + 4d n + 6ê n , f n+1 =ĉ n + 4f n + 2ĝ n , g n+1 =d n + 6f n + 6ĝ n + 5ĥ n , h n+1 =ê n + 12f n + 12ĝ n + 12ĥ n + 12k n , k n+1 = 94f n + 97ĝ n + 101ĥ n + 107k n v n+1 =v n , (8) with zero andv 1 = 4 initial values.
